In this letter we study the non-equilibrium spin dynamics in the non-integrable spin-1 XXZ chain, emerging after joining two macroscopic pure states with different magnetizations. Employing the so-called time-dependent variational principle (TDVP) we simulate the dynamics of the total magnetization in the right (left) half of the system up to times that are normally inaccessible by standard tDMRG methods. We identify three distinct phases depending on the anisotropy of the chain, corresponding to diffusive, marginally super-diffusive and insulating. We observe a transient ballistic behaviour with a crossover time that diverges as the isotropic point is approached. We conclude that on intermediate-large time scales the dynamics is well described by the integrable Landau-Lifschitz classical differential equation.
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Introduction. One of the greatest quests of out-ofequilibrium statistical physics is obtaining an appropriate classical description of quantum non-equilibrium phenomena on hydrodynamical scales. While this has been achieved to large extent in integrable systems [1] [2] [3] [4] [5] [6] , holographic theories [7] [8] [9] , or at low temperature [10] [11] [12] , it remains an open question when generic systems are under consideration. Nonetheless, it has recently been proposed that an appropriate description might be provided by the time-dependent variational principle (TDVP) [13] [14] [15] [16] which, in contrast with standard tensor network approaches [17] includes the conservation of local integrals of motion. The TDVP dynamics provides an effective non-linear classical time evolution on the space of matrixproduct states (MPS) at fixed bond dimension and it is therefore expected to thermalize with similar qualitative [16, 18] , and in some cases also quantitative [16] , features as the underlying quantum evolution of a generic quantum system. Such systems are expected to exhibit diffusive transport behaviour in general but it has recently been proposed that transport near-equilibrium might be altered even on intermediate-long time scales by the presence of global symmetries (despite the absence of integrability) [19] [20] [21] . This scenario was questioned in [22] , showing the necessity of probing the interplay between charge transport and global symmetries in a more controlled set-up.
In this letter, we consider the transport properties of the non-integrable anisotropic spin-1 chain far from equilibrium. In particular we focus on two setups, the socalled domain wall and twisted initial conditions [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , which are experimentally relevant, and widely used for probing the transport and non-equilibrium dynamics in many-body systems [34] [35] [36] [37] . We compute the time evolution using the TDVP algorithm at fixed bond dimension up to times ∼ 10 3 , in units of spin coupling and compare it with the results obtained by a standard tDMRG algorithm. We observe that the time evolution of the time-integrated current, namely the total magnetization flowing from one side of the chain to the other, converges rapidly with the bond dimension employed in the simu-lation.
The TDVP simulation with bond dimension 1 corresponds to the classical mean-field evolution [38] , while a larger bond dimension keeps the information about quantum correlations. As we approach the isotropic point, we find that the quantum dynamics qualitatively resembles the classical evolution in continuum space. Remarkably in the easy-plane regime ∆ < 1 the spin transport is ballistic up to a crossover time, which appears to diverge as ∆ approaches 1 − . In the isotropic case ∆ = 1 the spin dynamics has the same qualitative behaviour as in the continuous classical integrable Landau-Lifshitz (LL) partial differential equation (4) [39, 40] , which indeed displays anomalous spin diffusion for non-twisted domain wall initial state [31, 32] . In the easy-axis regime ∆ > 1 we find insulating spin dynamics for any value of the twist.
Our results show that the large-time spin hydrodynamics of the domain wall initial state in a non-integrable chain close to its SU (2) isotropic limit is qualitatively described by the continuous Landau-Lifshitz partial differential equation, which is integrable, up to extremely large times and it suggests that even in a non-integrable model one can observe anomalous spin transport up to the experimentally accessible times. While our work does not discuss standard linear-response spin diffusion constant at finite temperature, it points out that it might also be strongly affected by the corresponding classical dynamics.
The model and the domain wall quench. In this letter we will consider the spin-1 XXZ Hamiltonian
where S x,y,z are the spin-1 representation of the SU (2) spin operators, and ∆ is the anisotropy parameter. In order to study its non-equilibrium dynamics we consider Left: Log-Log plot of the time evolution of the local spin current j0(t) = DW θ |ĵ0(t)|DW θ in the domain wall initial state with θ = π/4 and ∆ = 0.5 (a) and ∆ = 0.8 (c) in the spin-1 chain, obtained by TDVP time evolution with bond dimensions χ. We do not observe a clear convergence of the time evolution in bond dimension. Right: Log-log plot of the integrated spin current J0(t) = t 0 j0(t )dt , for the same parameters as on the left, ∆ = 0.5 (b) and ∆ = 0.8 (d). A convergence of the time evolution of J0(t) in bond dimension for χ > 2 can be observed at all times. Insets: comparisons between data from TDVP time evolution and an exact TEBD evolution at short times. a class of the tilted domain wall initial states
We will mostly focus on the exact domain wall θ = 0 and on the case with θ = π/4. In the first case the two halves of the chain are eigenstates, and the nontrivial dynamics is generated only around the junction at j ∼ 0. This is no longer true, if θ = 0, and in this case the system is expected to thermalize to an equilibrium thermal ensemble with the opposite local magnetization S z j . In order to study spin dynamics, we focus on the time-integrated local current
which corresponds to the total magnetization transferred through the junction. The domain wall quenches were extensively studied in the past years in the integrable spin-1/2 chain [31, 32, [41] [42] [43] [44] . Recently it was pointed out that the spin dynamics close to the isotropic point ∆ − 1 = δ ∼ 0 is qualitatively described by the classical LL model [31, 32] ,
where S x,t is a classical three component vector field, normalized as S x,t · S x,t = 1, and J = diag(0, 0, δ). In [31] it was shown that this model exhibits a vast range of transport phenomena: transport is ballistic if δ < 0, and insulating if δ > 0. At the transient point δ = 0, the melting of the maximally polarized domain wall is marginally super-diffusive, and purely diffusive if θ = 0. The late time behavior can be summarized with
In the quantum spin-1/2 chain a similar behaviour has been observed. Spin transport is indeed log-anomalous at ∆ = 1 for a non-twisted domain wall [44, 45] , and diffusive for a twisted initial conditions [46] . In the ∆ < 1 regime the transport is ballistic, which can be understood within the framework of the generalized hydrodynamics [1, 47] . While the ballistic transport is a consequence of quasi-local conserved operators (due to the integrability of the chain), which prevent the current from decaying [48] [49] [50] [51] , the anomalous diffusion at ∆ = 1 in the quantum chain is still lacking a theoretical explanation. One of the major open questions related to transport in 1D systems, which we wish to address in this letter is therefore whether anomalous transport is merely a consequence of integrability, or if it is related to the global symmetry of is converged in bond dimension up to oscillations). We observe a crossover from ballistic to diffusive with a crossover time that increases as ∆ → 1 − . At ∆ = 1 we observe superdiffusive transport with log-corrections as in the LL classical dynamics up to arbitrary times (black line on top of ∆ = 1 data is a fitting function z(t) = 1/2 + κ/ log t, with κ 0.48. Bottom: the same data is displayed as in the plot on top but for the twisted domain wall initial state with θ = π/4. We observe similar crossover from ballistic to diffusive transport for ∆ < 1 and purely diffusive behavior at ∆ = 1.
the model and to its emergent classical hydrodynamical description. Time evolution with MPS: TDVP time evolution. As the model (1) is non-integrable we have to resort to numerical simulations in order to compute its dynamics. The state of the art methods for probing dynamics of one-dimensional systems are based on MPS, which encode the information about the state locally, in terms of matrices A si ∈ C χi−1×χi as
where d = 3 corresponds to the dimension of the local Hilbert space.
Initially the system is in a product state, χ = χ i = 1, however, due to the rapid growth of entanglement entropy S EE (t), the bond dimension χ i ∼ exp S EE should be increased exponentially with time in order to keep the error under control [52] . Accordingly to the ideas of hydrodynamics, most of the information about the state is irrelevant for the large scale description of the charges and their currents, so one might attempt to capture the correct hydrodynamics by fixing the bond dimension χ, and keeping only judicially chosen parts of information about the quantum correlations [16] . This can be accomplished efficiently by employing the TDVP algorithm [13, 14, 53] , whose time evolution is given by
where P Mχ is the projector to the manifold of MPS with a fixed bond dimension χ. In contrast with other MPSbased methods TDVP preserves energy and single-site integrals of motion. The approach was used to compute linear response dynamics in quantum chains at infinite temperature [16] , and it required an ensemble average over initial conditions. In [18] it was shown that the method captures the dynamical exponents of nonintegrable (and non-free) spin chains precisely, however, it might fail to reproduce the correct quantitative values of the transport coefficients, i.e. diffusion constants.
Here we focus on the dynamics of a single initial state, and argue that the TDVP captures the qualitative features of the time-integrated spin current in the nonintegrable chain (1) . While the value of the current j 0 (t) depends strongly on the bond-dimension χ, this is not the case for the time-integrated j 0 (t), see Fig. (1) . This is a consequence of the ergodicity of the chaotic trajectories [15] in the phase space of MPS wave functions. While any single trajectory depends strongly on the bond dimension, the relaxation to the phase space average that we are probing with the time integration does not.
Main results. The TDVP dynamics for the bond dimension χ = 1 corresponds to the classical mean field evolution. If we consider the Hamiltonian (1), the time-evolution coincides with that of a classical Heisenberg chain H cl = j S j · S j+1 , where S j = (sin θ j cos φ j , sin θ j sin φ j , cos θ j ) is the 3dimensional spin vector at site j, which can be equivalently represented by the product state |Ψ χ=1 = L/2 j=−L/2 e −iφj S z j e −iθj S y j | ↑ . Let us stress that the classical Heisenberg model is non-integrable, however its continuous limit corresponds to the integrable LL equation (4) . Increasing the bond dimension results in more J 0 (t) Plot of the time-integrated current J0(t) for the spin-1 chain with ∆ = 1.5 using TDVP time evolution with different bond dimensions χ and with the exact TEBD evolution. Top: domain wall with θ = 0. We observe insulating behaviour with periodic oscillations that converge with small bond dimension. Bottom: for the domain wall with θ = π/4 we again observe insulating behaviour for any bond dimension, although the profile does not show a clear convergence in bond dimension χ. complicated classical Hamiltonian dynamics, and the numerical results suggest that the qualitative transport behaviour is converged already using a very small bond dimension χ ∼ 6.
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In Fig. (2) we plot the dynamical exponent z for the growth of the time-integrated current for θ = 0. In the regime ∆ < 1 we observe a sharp crossover from ballistic z = 1, to a transient sub-diffusive regime with z < 1/2, which is compatible with the restoration of normal diffusion z = 1/2 at later times. As ∆ approaches 1 from the left, the crossover time increases, and we observe no deviation from ballistic behaviour up to times of order 10 3 for ∆ = 0.8 and ∆ = 0.9. At ∆ = 1 we find anomalous diffusion with logarithmic corrections, namely J 0 (t) ∼ √ t(log(bt)) d with d, b > 0 up to the maximal times considered. In Figure 2 the dynamical exponent z(t) are obtained with numerical simulations with bond dimension χ = 20, but the qualitative features of the profile are independent of χ for values larger than χ ∼ 4. Interestingly the TDVP time evolution at any maximal bond dimension shows the same transport dynamics as the classical integrable LL equation up to crossover times that diverge as we approach the isotropic point. A heuristic explanation of this behaviour at θ = 0, based on the energy conservation was offered in [32] . Initially, energy is concentrated around the link j = 0. Due to the finite value of energy in the system, neighbouring spins are mostly aligned, making the quantum dynamics effectively classical and regulated, up to very large scales, by the LL equation (4) .
If θ = π/4 (and in general θ = 0) the two halves are after the domain wall quench with ∆ = 1.5 obtained with exact TEBD simulation for θ = 0 and θ = π/4. In the first case we observe saturation of entropy with periodic oscillations, while in the second case entropy increases linearly with time (we observe the same behavior for ∆ < 1 and θ = π/4). no longer eigenstates of the chain for ∆ = 1, and each side of the chain undergoes non-equilibrium time evolution. One would expect that two sides of the chain far from the junction thermalize, and that the system displays normal diffusion. We observe, however, similar behaviour as for the pure domain wall θ = 0, where the spin transport becomes ballistic as ∆ approaches the isotropic value. For any ∆ < 1 the initial state has finite energy density throughout the chain, which makes the argument from [54] inapplicable. While the crossover time is shorter than in the case of θ = 0, one can still observe ballistic dynamics up to very large times, O(10 2 ), even for ∆ ∼ 0.8. Instead at ∆ = 1 we find normal diffusion in analogy with the classical LL evolution in the presence of a finite twist θ. Interestingly, for ∆ > 1 the transport is insulating both for the pure and the twisted domain wall, see Fig. 3 . However, while we observe the convergence of the integrated current with bond dimension for θ = 0, the results do not seem to converge for the twisted initial conditions. Interestingly the domain wall θ = 0 shows persistent periodic oscillations of magnetization, see Fig.  3 , and also of entanglement entropy, see Fig. 4 . This behavior is reminiscent of scarred quantum states [55] , where in particular, periodic orbits in the semi-classical TDVP time evolution can be identified [56] . While in the classical model the absence of transport is related to the presence of static soliton solutions [31, 32] and their "breathing" modes, our analysis suggests that even the non-integrable spin-1 quantum chains posses eigenstates which have a large overlap with semi-classical localized states. On the other hand the case with θ = π/4 shows linear growth of entanglement, see Fig. 4 , despite the absence of transport. We are however unable to determine whether TDVP results are correct at large times in this case, since there is no convergence of the integrated current with the increasing bond dimension. This is likely related to the lack of ergodicity in the MPS phase space and not to the entanglement growth, since the same linear growth is observed also for ∆ < 1, where the integrated current converges with the bond dimension.
